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Abstract 

Conformal totally symmetric arbitrary spin fermionic fields in flat space-time of even dimen- 
sion greater than or equal to four are studied. First-derivative formulation involving Fang-Fronsdal 
kinetic operator for such fields is developed. Gauge invariant Lagrangian and the corresponding 
gauge transformations are obtained. Gauge symmetries are realized by involving the Stueckelberg 
and auxiliary fields. Realization of conformal algebra symmetries on the space of conformal gauge 
fermionic fields is obtained. On-shell degrees of freedom of the arbitrary spin conformal fermionic 
field are also discussed. 
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1 Introduction 



Commonly used Lagrangian formulations of most conformal fields involve higher derivatives (for 
review, see Ref.[l]). Higher-derivative Lagrangian formulation of the totally symmetric arbitrary 
spin bosonic conformal fields in 4-dimensional space and in d-dimensional space, d > 4, was de- 
veloped in the respective Ref.[l] and Ref.[2]. 1 Alternative higher-derivative description of the con- 
formal bosonic fields obtained via AdS/CFT duality may be found in Ref.[3]. Higher-derivative 
Lagrangian formulation of the totally symmetric arbitrary spin conformal fermionic fields in 4- 
dimensional space was developed in Ref.[l]. Higher-derivative Lagrangian formulation of arbi- 
trary spin conformal fermionic fields in d-dimensional space, d > 4, is not yet developed. 

The present paper is a sequel to our papers [8, 9], where the ordinary-derivative formulation 
of conformal fields was developed. This is to say that our Lagrangians for free bosonic conformal 
fields do not involve higher than second order terms in derivatives, while our Lagrangians for free 
fermionic conformal fields do not involve higher than first order terms in derivatives. In Ref.[8], we 
developed the ordinary-derivative gauge invariant and Lagrangian formulation for free bosonic and 
fermionic low-spin conformal fields. Ordinary-derivative formulations of bosonic arbitrary spin 
conformal fields was developed in Ref.[9]. As we have already said, gauge invariant description 
of conformal fermionic fields (with fixed but arbitrary spin) in d-dimensional space, d > 4, is still 
not available in the literature. In this paper, we develop Lagrangian Lorentz covariant and gauge 
invariant formulation for totally symmetric arbitrary spin fermionic fields in flat space of arbitrary 
dimension d > 4. 

Our approach to conformal fermionic fields is summarized as follows. 

i) By introducing additional field degrees of freedom, we extend the space of fields entering the 
higher-derivative theory. Some of the additional fields turn out to be Stueckelberg fields, while the 
remaining additional fields turn out to be auxiliary fields. 

ii) Our Lagrangian does not contain higher than first order terms in derivatives. One-derivative 
contributions to the Lagrangian take the form of the standard Dirac, Rarita-Schwinger, and Fang- 
Fronsdal kinetic terms of the respective spin-|, spin-|, and half integer spin-(s + |), s > 1, 
fermionic fields. 

iii) All vector-spinor and tensor-spinor fermionic fields entering the Lagrangian are supplemented 
by appropriate gauge symmetries. 2 Gauge transformations of conformal fermionic fields do not 
involve higher than first order terms in derivatives. One-derivative contributions to the gauge 
transformations take the form of the standard gradient gauge transformations of the vector-spinor 
and tensor-spinor fields. 

iv) The gauge symmetries of our Lagrangian make it possible to match our approach with the 
higher-derivative one. This is to say by gauging away the Stueckelberg fields and by solving equa- 
tions of motion for the auxiliary fields, we can obtain, from our ordinary-derivative formulation, 
the higher-derivative formulation of conformal fermionic fields. 

The rest of the paper is organized as follows. 

In Sec. 2, we summarize the notation used in this paper. In Sec. 3, we develop the ordinary- 
derivative formulation for arbitrary spin conformal fermionic field. In Sec.3.1, we start with the 
discussion of field content entering our approach. After this, in Sec. 3. 2, we present our result 

'Higher-derivative Lagrangian of mixed-symmetry conformal fields was obtained in Ref.[4]. Discussion of equa- 
tions and constraints for mixed symmetry conformal fields may be found in Ref.[5]. Extensive study of conservation 
laws for mixed-symmetry conformal fields may be found in Ref.[6] (see also Ref.[7]). 

2 To realize those additional gauge symmetries we adopt the approach in Refs.[10, 1 1] which turns out to be most 
useful for our purposes. 
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for our ordinary-derivative gauge invariant Lagrangian and realization of gauge symmetries in our 
approach. In Sec.4, we discuss realization of conformal algebra symmetries on the space of gauge 
fields entering our approach. In Sec. 5, we describe our results for total number of on-shell D.o.F 
for the arbitrary spin conformal fermionic field and decomposition of those on-shell D.o.F into 
irreps of the so(d — 2) algebra. Section 6 is devoted to the discussion of directions for future 
research. 



2 Notation 



Our conventions are as follows. x a denotes coordinates in d-dimensional flat space-time, while 
d a denotes derivatives with respect to x a , d a = d/dx a . Vector indices of the Lorentz algebra 
so(d —1,1) take the values a,b,c,e = 0, 1, . . . , d — 1. We use mostly positive flat metric tensor 
r] ab . To simplify our expressions we drop r\ ah in scalar products, i.e., we use X a Y a = r] ab X a Y b . 

A set of the creation operators a a , (, v®, v G and the respective set of annihilation operators 
a a , C, v e , v® will be referred to as oscillators in what follows. 3 Commutation relations and the 
vacuum are defined as 

[a a ,a b ]= V ab , [C,C] = 1, [t; ffi ,t; e ] = l, [v e , v®} = 1 , (2.1) 

a a |0) = 0, C|0)=0, v®\0) = 0, v e |0) = 0. (2.2) 

The oscillators a a , a a and (, (, v®, v e , v®, v e transform in the respective vector and scalar 
representations of the Lorentz algebra so(d — 1,1). We use 2[ d / 2 ] x 2l d / 2 l Dirac gamma matrices 
7 a in (/-dimensions, {7", r ) b } = 2r/ ab , and adapt the following hermitian conjugation rules for the 
derivatives, oscillators, and 7-matrices: 

(2.3) 

We use operators constructed out of the derivatives, oscillators, and 7-matrices, 

(2.4) 
(2.5) 
(2.6) 

N v = N v ® + N v e , A' = N v ® - N v e . (2.7) 

g " = -<"-< a w^2 a °< (2 - 9) 
A ^ a °-"i a ""w^- a '2Kh^*"- (2 - 10) 



□ = d a d a , 


3 =7 a 9 a , 


ad = a a d a , 


ad = a a d a 


7a = 7 a a a , 


7a = 7 a Q; a , 


a 2 = a a a a , 


a 2 = a a a a , 


N a = a a a a , 




N V (B = v®v e , 


N v e = V e V 



3 As in Ref.[12], we use oscillators to handle many indices appearing for tensor-spinor fields. The oscillator algebra 
can also be reformulated as an algebra acting on the symmetric-spinor bundle on the manifold M [13]. The oscilla- 
tors C, C appearing in gauge invariant formulation of massive fields arise naturally by a dimensional reduction from 
fiat space. We expect that 'conformal' oscillators v 9 , v e , v®, v e also allow certain interpretation via dimensional 
reduction. Extensive discussion of oscillator formulation may be found in Ref.[14]. 
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^^"'-m^l^-^m^J^^' (211) 
^"-""^OT 5 - <2 ' 13) 

n [1 - 31 = 1 - 7 a — -i - 7 a-a 2 o/oAr 1 , — -a 2 , (2.14) 

' 2iV a + d 2(2iV a + d + 2) ' 

n' 1 - 2 ' = 1 - a 2 —- i -a 2 . (2.15) 

2(2iV a + d) 

The 2x2 matrices <7±, <t 3 , 7r ± , and antisymmetric products of 7-matrices are defined as 

^=(0 0)' ff " = (l 0)' a3= (J -l)' ^ = ^ 1±ff 3), (2-16) 
7 afe = - (7 V - 7 6 7 a ) , 7 abc = 1 ( 7 a 7 fe 7 c ± 5 terms) . (2.17) 

Throughout the paper the notation k' e [n] 2 implies that fc' = — n, —n + 2, — n + 4, . . . , n — 4, n — 

2,n: 

fc' e [n] 2 => k' = —n, -n + 2, -n + 4, . . . , n - 4, n - 2, n . (2.18) 

Sometimes we use conjugation rule denoted as t. This is to say that given operator A an operator 
is defined as 

A^ = -7°A t 7° , (2.19) 
while A^ stands for the standard hermitian conjugated of the operator A. 

3 Ordinary-derivative gauge invariant Lagrangian 
3.1 Field content 

To discuss ordinary-derivative and gauge invariant formulation of spin-(s + |) conformal non- 
chiral Dirac fermionic field in flat space of dimension d > 4 we use the following non-chiral 
spinor, vector- spinor, and tensor-spinor Dirac fields of the Lorentz algebra so(d — 1,1): 



■ip k >"' s ' , s' = 0,l,...,s, k' e [k s >} 2 ; 

, , , 0, 1, . . . , s; for d > 6; , 



(3.1) 



*V = s' + , (3.2) 



where the spinor indices of the fermionic fields " s are implicit and for some notation see 
(2.18). The fields ° s ' are me non-chiral spinor, vector- spinor, and tensor-spinor fermionic 
fields of the Lorentz algebra so(d —1,1). Chiral spinor fermionic fields are discussed below. 
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Alternatively, for d > 6, field content (3.1) can be represented as 



ipp- a % k'e[k s } 2 ; (3.3) 

r k l- a % k' G [k s — 1] 2 ; (3.4) 

, k! e [k s -i\ 2 ; (3.5) 

r k r- aa ~\ k! e [k s -i — 1] 2 ; (3.6) 



Vfr, fc'eNa; (3.7) 

Vft, fc' e [fci - l] 2 ; (3.8) 

Vv, A;'G[A;o] 2 ; (3.9) 

Vv, fc'e[fco-l] 2 ; (3.10) 



while, for d — 4, field content (3.1) is given in (3.3)-(3.9). This is to say that fields in (3.10) enter 
field content only for d > 6. 
We note that 

i) In (3.1), the fields ipk' and ip^, are the respective non-chiral spinor and vector-spinor fields of 
the Lorentz algebra, while the field " s \ s' > 1, is rank-s' totally symmetric non-chiral tensor- 
spinor field of the Lorentz algebra so(d — 1,1). 

ii) The tensor-spinor fields ip^'" 0,8 ' with s' > 3 satisfy the 7 triple-tracelessness constraint, 

7 >)f a4 "- a *' = , s'>3. (3.11) 

iii) The conformal dimension of the field Vv* ° s ' is given by 

A(r k ^') = ^ + k'. (3.12) 

To illustrate the field content given in (3.1) we use the shortcut ipf!, for the field ij)£'" a °' and 
note that, for d > 6 and arbitrary s, fields in (3.1) can be presented as in Table I. 
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TABLE I. Field content for d > 6 , s— arbitrary . The notation ipf!, stands for ip ( ^"' as ' . 

V>2-fc 3 ••• ••• ••• •■■ ■•• *k e -2 V>fc 3 

■^i-ks ^3~k B ■■■ ■■■ ■■■ ■■■ ■■■ *L-3 *k,-l 

,s-l ,s-l 



, s-1 
*2-fc 3 



-*1 + 1 *-fei+3 



I , u , u , u 

-k *-fc + 2 ■■■ *fc 



I , u 

-1=0 + 1 ■■■ ■■■ Vk 



As we have said, the spinor fields having k' E [k — 1] 2 do not enter the field content when 
d = 4. This is to say that, for d = 4 and arbitrary s, the field content in (3.1) can be represented as 
in Table II. 



TABLE II. Field content for d = 4 , s — arbitrary. The notation ifj s k , stands for tp^ 



a\...a i 



^+1 ^l s+3 ••• ^1-3 Vs-1 

r-u ... r s zl 



^-2 ^0 V'l 

^0° 
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We note that d = 6 is the lowest space-time dimension when the spinor fields ip®, having 
k' £ [k — 1] 2 appear in the field content. Namely, for d = 6 and arbitrary s, the field content in 
(3.1) can be represented as in Table III. 



TABLE III. Field content for d = 6, s— arbitrary. The notation ipf!, stands for ipp' 



■3 + 1 



Vs-1 



s+l 



V- 



s 

8-1 



V'. 



■s+2 



s 

s-2 



s-1 

-s+2 



s-1 



i>s-2 



V'. 



s-1 
s 



Tp-2 V'O ^2 

V'O 

To illustrate further the field content entering our approach we note that for the case of spin-| 
in Qd space the field content in (3. 1) is given by 

Field content for spin-| in Qd 

A (3.13) 
while for the case of spin-| in Ad space the field content in (3.1) is given by 

Field content for spin-| in Ad 

A (3-14) 
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For the case of spin-| in 6c? space the field content in (3.1) is given by 

Field content for spin-| in 6d 



^ao ^ao ^ ^ao 

^ab ^ab ^ab 

r_ 2 r r 2 

A (3.15) 
while for the case of spin-| in Ad space the field content in (3.1) is given by 

Field content for spin-| in Ad 



i.ob „i.ab 



A (3.16) 

In order to streamline the presentation of ordinary-derivative formulation we use the oscillators 
a", C v®, v e , and collect fields (3.1) into the ket-vector \ip) defined by 

W = E 7=^ 1^) , (3-17) 

k g /+k k s '~ k 

\O s E „,Jff, ^...«°-tf.- V |Q). (3.19) 

k'e[k s ,] 2 S 'V 2 J' 

fc a /-i+fc' fc s /-i-fc' 

1*5')- E ^^sew— a °'--- a °-'<-'" V '°>- (3 ' 20) 

^ = 0, fc'e[fco-l] 2 , ford = 4, (3.21) 

where k s > is given in (3.2). For d = 4, we use relation (3.21) in (3.20) to respect the fact that fields 
appearing in (3.10) do not enter the field content when d — 4. It is easy to see that ket-vector (3. 17) 
satisfies the following algebraic constraints: 
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(N a + N ( -s)\4>) = 0, (3.22) 
(N c + N v -k s )ir + \^} = 0, (3.23) 
(N c + N v -k s + l)n^) =0. (3.24) 

Algebraic constraints (3.22) tell us that ket- vector \ip) (3.18) is degree-s homogeneous polynomial 
in the oscillators a a , (. Introducing the notation 

we note that algebraic constraint (3.23) tells that ket-vector |*0 U ) (3.25) is degree-/c s homogeneous 
polynomial in the oscillators (, v®, v e , while, from algebraic constraint (3.24), we learn that ket- 
vector \ip d ) (3.25) is degree-(/c s — 1) homogeneous polynomial in the oscillators (, v®, v e . In terms 
of the ket-vector the 7 triple-tracelessness constraint (3.11) takes the form 4 

7 aa 2 |-0) = O. (3.26) 
3.2 Lagrangian and gauge symmetries 

We are now ready to discuss gauge invariant Lagrangian. Lagrangian of conformal spin-(s + |) 
fermionic field we found takes the form 

iC=(ij\E\ij), (3.27) 
E = E w + E (0) , (3.28) 

E w ee (j) — ad'-ya — ^aad + 7a ^ 7a H — 7aa<9a: 2 H — oxacid a 2 <jD a 2 , (3.29) 

Z Z 

111 

£■(0) = (1 — 7«7« — -a 2 a 2 )e\ + (7a a 2r yd)ei + (7a jaa^ei , (3.30) 

Q Z Z 



e\ = ^(v e a + + v e a_) , (3.31) 

ei = C*5 e ei, ei = -ei7; e C, (3.32) 

2s + rf-2 
e i- 2s + rf-2-2iV f ' 

e^e + f-f-^V 72 - (3-34) 



2s + d - 4 - 2iV, 



We note that E w (3.29) is the standard first-order Fang-Fronsdal operator represented in terms of 
the oscillators. The bra- vector (ip\ is defined according the rule = (|^))^7°. 



4 We adapt the formulation in terms of the 7 triple-traceless gauge fermionic fields in Ref.[15]. To develop the 
gauge invariant approach one can use unconstrained gauge fields studied in Ref.[16] (see also Ref.[17]). 
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We now discuss gauge symmetries of Lagrangian (3.27). To this end we introduce the following 
set of gauge transformation parameters: 

C-i" 3 ', s' = 0,l,...,s-l, k' e [k s > + 1] 2 ; (3.35) 

C'-i 3 ', s' = 0,l,...,s-l, fc'e[M 2 ; (3.36) 

where the spinor indices of the fields Cfe'-i° s ' ^ implicit. The gauge transformation parameters 
£k'-i s ' 3X6 non-chiral, spinor, vector- spinor, and tensor-spinor fields of the Lorentz algebra so(d — 
1,1). 

Alternatively, gauge transformation parameters (3.35), (3.36) can be represented as 

k'e[k s ] 2] (3.37) 
C"f" '• fc'e[fc s -l] 2 ; (3.38) 

&_i°- 2 , fc'e[A; 8 -i]2; (3.39) 

&_i°- 2 , fe'effc.-x-lla; (3.40) 



^N 2 ; (3-41) 
ft-i, fc'e[A; 2 -l] 2 ; (3.42) 

k'e[h] 2 ; (3.43) 
fc' e [h - 1] 2 ; (3.44) 

We note that 

i) In (3.35),(3.36) the fields £k'-i and are the respective non-chiral spinor and vector-spinor 
fields of the Lorentz algebra, while the field ^-i"' , s' > 1, is rank-s' totally symmetric non-chiral 
tensor-spinor field of the Lorentz algebra so(d —1,1). 

ii) The vector-spinor fields and tensor-spinor fields ^I'f 8 ' with s' > 2 satisfy the 7-tracelessness 
constraint 

7 a C-T as ' = , s' > 1 . (3.45) 

iii) The conformal dimension of the gauge transformation parameter ^i'^' is given by 

A(C:i V ) = ^ + *'-l- (3-46) 
Now, as usually, we collect the gauge transformation parameters into ket- vector |£) defined by 



s-l 



s-l-s' 
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k ,+1+k' k ,+1—k' 



l£> = E (VB) ,u*X»v ^...^C-^'IO), (3.49) 

k'e[k s ,+l] 2 



k i -\-k k / — k 



iCd')- E ^-^lO). (3-50) 



S /!C v± 

k'e[k s ,] 2 V 2 

The ket- vector |£) (3.47) satisfies the following algebraic constraints, 

(N a + N c -s + l)|O = 0, (3.51) 

(jV c + W w -fc a )7r + |O = 0, (3.52) 

(^ + ^-^ + 1)^-10 = 0, (3.53) 

where fc s / is given in (3.2). Algebraic constraints (3.51) tell us that ket- vector |£) (3.47) is degree- 
(s — 1) homogeneous polynomial in the oscillators a a , (. Introducing the notation 

IU = E /T l^ = E //T a i ' (3-54) 

we note that algebraic constraint (3.52) implies that ket-vector |£ u ) (3.54) is degree-/c s homoge- 
neous polynomial in the oscillators (, v®, v e , while, from algebraic constraint (3.53), we learn that 
ket-vector |£ d ) (3.54) is degree-(/c s — 1) homogeneous polynomial in the oscillators (, v®, v e . In 
terms of the ket-vector 7-tracelessness constraint (3.45) takes the form 

7«|0 = 0. (3.55) 

Gauge transformations can entirely be written in terms of and This is to say that gauge 
transformations take the form 

6\1>) = G\0 , (3.56) 

G = ad — ei + 7a—— — — — -e\ — a 2 — — -e\ , (3.57) 

' 2N a + d-2 1 2N a + d ' 

where operators ej, ei, ei are defined in (3.31)-(3.34). 

Chiral conformal fermionic fields. In the above discussion, we considered conformal non- 
chiral Dirac fermionic fields (3.17). Extension of our discussion to the case of conformal chiral 
fermionic fields is straightforward. To this end we introduce matrix r* defined as 

r, = 7^3, r* = i, rt = r„, (3.58) 

7, = e 7 °7 1 ---7 d ~ 1 , 7* = 1, 7* f = 7*, (3-59) 

where a s is defined in (2.16). Now we introduce chiral ket-vectors \ip±) defined as 

l^±) = n ± |v), n± = ^(i±r,), (3.60) 
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It is easy to see that the matrix is anti-commuting with operator E (3.28) which enter our 
Lagrangian (3.27), 

{T*,E} = 0. (3.61) 

Using (3.61), and taking into account the relations {r*,7 } = 0, = n±, we see that our 
Lagrangian (3.27) is decomposed as 

£ = £+ + £_ LC± = (iJ±\E\ij ± ) . (3.62) 

The Lagrangian C + describes positive chirality conformal fermionic field while the La- 

grangian £_ describes negative chirality conformal fermionic field \ip-). Note also that the pro- 
jectors Tl± are commuting with operator G (3.57), 

[n ± ,G] = 0. (3.63) 

Taking this into account we see that the Lagrangians C + and £_ are invariant under the respective 
gauge transformations 

*|lM = G|e + ), Sty-) = G\t.) , |$ ± >=n±|0. (3-64) 



4 Realization of conformal symmetries 

To complete the ordinary-derivative formulation of spin-(s + |) conformal fermionic field we 
provide realization of the conformal algebra symmetries on the space of ket-vector (3.17). 

The conformal algebra so(d ) 2) of rf-dimensional space-time taken to be in basis of the Lorentz 
algebra so(d — 1,1) consists of translation generators P a , dilatation generator D, conformal boost 
generators K a , and generators J ab which span so(d —1,1) Lorentz algebra. We assume the fol- 
lowing normalization for commutators of the conformal algebra: 5 

[D, P a ] = -P a , [P a , J hc ] = rj ab P c - r] ac P b , (4.1) 

[D, K a ] = K a , [K a , J bc ] = V ab K c - V ac K b , (4.2) 

[P a , K b ] = V ab D - J ab , (4.3) 

[J a \ J ce ] = v bc J ae + 3 terms . (4.4) 

Let \ip) denotes fermionic field propagating in flat space-time of dimension d > 4. Let La- 
grangian for the free field be conformal invariant. This implies, that Lagrangian is invariant 
under transformation (invariance of the Lagrangian is assumed to be up to total derivatives) 

8 6 \^) = G\f), (4.5) 

where realization of the conformal algebra generators G in terms of differential operators takes the 
form 

P a = d a , (4.6) 

5 Note that in our approach, only so(d — 1, 1) symmetries are realized manifestly. The so(d, 2) symmetries of 
conformal fields could be realized manifestly by using ambient space approach (see, e.g., Refs.[18]-[21].) 
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jab = x a d b _ x b d a + M ab ^ (4J) 

D = xd + A , (4.8) 
K a = Kl M + R a , (4.9) 

k 1,m = ~\x 2 d a + x a D + M ab x b . (4.10) 

In (4.7)-(4.10), A is operator of conformal dimension, M ab is spin operator of the Lorentz algebra, 

[M ab , M ce ] = 7] bc M ae + 3 terms , (4.11) 

and R a is operator depending on derivatives with respect to space-time coordinates and not de- 
pending on space-time coordinates x a , [P a , R b ] = 0. 6 The spin operator of the Lorentz algebra 
is well known for arbitrary spin conformal fermionic field. In higher-derivative formulations of 
conformal fields, the operator R a is often equal to zero, while, in the ordinary-derivative approach, 
the operator R a is non-trivial. This implies that complete description of conformal fields in the 
ordinary-derivative approach requires finding not only gauge invariant Lagrangian but also the 
operator R a as well. 

From above discussion, it is clear all that is required to complete our ordinary-derivative de- 
scription is to find the operators M ab , A, and R a for the case of spin-(s + \) conformal fermionic 
field and then use these operators in (4.7)-(4.10). For the case of arbitrary spin-(s + \) confor- 
mal fermionic field, the realization of the Lorentz algebra spin operator M ab and the conformal 
dimension operator A on the space of \ip) is given by 

M ab = a a a b - a b a a + \-f ab , (4.12) 

A = d --^ + A' , A' = N v e - N v e . (4.13) 

Note that realization of the conformal dimension operator A (4.13) can be read from (3.12). Real- 
ization of the operator R a on the space of is given by 

R a ^r- 0) + r^ + R a G + R a E , (4.14) 

l + r ,ia a + f , 1 ^ a , r^=r Xl d a , (4.15) 

(4.16) 

(4.17) 

^ l {-v m a + +v m <j_) , (4.18) 
r ,i = 2Ceit; e , f ,i = -2w®eiC, n,i = -2v®v® , (4.19) 



r a 

1 (0) 


= rl+G l 


pa 

G 


= Gr a G , 


pa 


= r a E E, 











r a G = r Gil ^n M +r Gi2 ^n [1 ' 3 )7a + r Gi3 ^a 2 

+ r Gi4 n [1 ' 31 a a + r Gi5 n [1 ' 31 7 aa a + r Gfi a a a 2 

6 For the case of conformal currents and shadow fields studied in Refs.[22, 23, 24], the operator R a does not 
dependent on the derivatives. 
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+ rajAtU^ + r Gi8 ^n [1 - 3] 7 a + r G ^A\a 2 , (4.20) 

+ (r EAl ag<? II™ + r^a^U^a + r Et6 a 2 Q^ 

+ r B , 7 ^n [1 - 3] 7 a + r^aA^a 2 + r E<9 A a 

+ r B , 10 7«^in [1 ' 3] 7« + r Bill a 2 n [1 ' 3 U? + r Bil2 a 2 ^n M a 2 

+ r Bil3 7a^n' 1 - 3 ' + r Bil4 a 2 ^n [1 ' 31 7« + r B , 15 a 2 ^n^ 3 ) - , (4.21) 



r G ,n = v <B 7 G ^ n+ v m Ti + + v e r Gi „_v e 7r_ , n = 2, 4, 9 ; (4.22) 

r G , n = (v e v e r G , n+ <7 + + v e r Gin _z) e (7_)C , n = 1, 8 ; (4.23) 

r G ,n = C(W G ,n+^V+ + r G , n -v*v®<T-) , n = 3, 5 ; (4.24) 

r G , n = (v®v (B r Gtn+ ir + + i; e i; e F Gin _7r_)C 2 , n = 7 ; (4.25) 

r G , n = C 2 (7 G>n+ v (B v (B 7r + + f G>n _t; t; 7r_) , n = 6 ; (4.26) 

r E ,n = v (B r E)n+ v e TT + + v @ r Ejn _v 9 Tr- , n = l,2,3,7,8; (4.27) 

^H^%^+ + «V^-)(- n = 4,5,9,10,ll,12; (4.28) 

r E , n = (v 9 v^ n+ TT + + i; VF B)n „7r_)C 2 , n = 6, 13, 14 ; (4.29) 

r B ,n = (^ e v e v®v e r E ,„+ff+ + v®v®r Ei „_(T_)C 3 , n = 15 ; (4.30) 

r l;,n = r B,n, , for 71 = 1, 2, 3 , (4.31) 



where operators G, E and e£, e"i appearing in (4.16), (4.17) and (4.18), (4.19) are defined in (3.57), 
(3.28) and (3.33), (3.34) respectively. In (4.22)-(4.31), the quantities r Gj7l ± and r E>n ± are arbitrary 
functions of the operators N^, A'. 
The following remarks are in order. 

i) r? 0) and r? 1} parts (4.15) of the operator R a are determined uniquely, while R G , R a E parts, in view 
of arbitrary r G n± , r Bi „± are still to be arbitrary. The reason for the arbitrariness in the operator R G 
is obvious. Global transformations of gauge fields are defined up to gauge transformations. Since 
operator R G (4.16) is proportional to the operator of gauge transformation G, the action of the 
operator R G on takes the form of gauge transformation governed by the gauge transformation 
parameter r G \ip). The reason for the arbitrariness in R a E is also obvious. As is well known, global 
transformations of fermionic fields are defined up to the contribution tE\iJj), where r is an arbitrary 
operator satisfying the hermitian conjugation condition = 7°T7°. It is easy to see that operator 
r a E given in (4.21) satisfies this condition. 

ii) We check that the operator R a with R G — 0, R% — satisfies the commutator [K a , K b ] = 0. 

iii) If we consider the operator R a with R G ^ 0, R% ^ 0, then we find that the commutator 
[K a , K b ] for such R a takes the form 

[K a , K b ] = W ab , (4.32) 
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W ab = Gr ab + r ab E + Q r <^^ ? (433) 
r a6 = r a r fe + r a r b + r *Gr b G - (d 6) , (4.34) 

^ = r»r* - (a O b) , r a = rf 0) + r" . (4.36) 



From (4.32), we see that the commutator [K a , K b ] is proportional to the operator of gauge trans- 
formations G and to operator E as it should be in gauge theory of fermionic fields, 
iv) It is easy to see that the operator R a (4.14) is commuting with the projectors Ii± (3.60) which 
enter positive and negative chirality conformal fields \tp±), 

[U ± ,R a ] = 0. (4.37) 

Using (4.37), we make sure that the projectors n ± are commuting with all generators of conformal 
algebra (4.6)-(4.9). This implies that Lagrangians C + and £_ (3.62) for the respective positive and 
negative chirality conformal fields are invariant under conformal algebra transformations. 

To summarize we note that the Lagrangian, gauge transformations, and the operator R a are 
determined by requiring that 7 

i) Lagrangian should not involve higher than first order terms in derivatives, while gauge transfor- 
mations should not involve higher than first order terms in derivatives; 

ii) the operator R a should not involve higher than first order terms in derivatives; 

iii) Lagrangian should be invariant with respect to gauge transformations and conformal algebra 
transformations. 

These requirements allow us to determine the Lagrangian and gauge transformations uniquely. 
The operator R a is determined uniquely up to the gauge transformation operator G and the operator 
E (as it should be in any theory of gauge fermionic fields). 

5 On-shell degrees of freedom of conformal field 

For d = 4 and arbitrary values s, s > 1, on-shell D.o.F of the spin-(s + |) conformal fermionic 
field have been discussed in Ref.[l]. Decomposition of on-shell D.o.F into irreps of the so(d — 2) 
algebra (which is so(2) when d = 4) was discussed only for the case of spin-| conformal field in 
4-dimensional space in Ref.[26]. For arbitrary values s, s > 1, and arbitrary dimension of space, 
d > 4, on-shell D.o.F of the spin-(s + |) conformal fermionic field have not been discussed so far 
in the literature. Therefore, in this section, we present our result for on-shell D.o.F of the totally 
symmetric arbitrary spin-(s + |) conformal fermionic field in rf-dimensional space, d > 4. Also 
we present our results for the decomposition of on-shell D.o.F into irreps of the so(d — 2) algebra 
for the case of arbitrary values of s and d. 

To discuss on-shell D.o.F of the conformal fermionic field we exploit the light-cone gauge and 
use fields transforming in irreps of the so(d — 2) algebra. 8 Namely, we decompose on-shell D.o.F 
into non-chiral irreps of the so(d — 2) algebra. We find that on-shell complex- valued D.o.F of the 
totally symmetric spin-(s + 1) conformal non-chiral fermionic field in rf-dimensional space, d > 4, 
are described by the following set of non-chiral half-integer fields of the so(d — 2) algebra: 

4>ir is ' , s' = o,i,...,s, k'e [k s ,} 2] 

7 In the framework of higher-derivative formulation, the uniqueness of interacting spin-2 conformal field theory 
was discussed in Ref.[25]. 

8 Discussion of alternative methods for counting on-shell D.o.F may be found in Refs.[26, 27]. 
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(5.1) 

^ s'-l °' 1 "--' S; for > 6; 

^ ' S " \ 1,2,...,,; ford = 4; lb ' 

where k s > is defined in (3.2) and vector indices of the so(d — 2) algebra take values i = 1, 2, . . . , d— 
2. In (5.1), the fields ip k i and ip k , are the respective non-chiral spinor and vector-spinor fields of the 
so(d — 2) algebra, while the field i/j k )'" ls ' , s' > 2, is rank-s' totally symmetric tensor-spinor field of 
the so(d — 2) algebra. Fields ip k )'" ls ' with s' > 1 are 7-traceless, 

7V?'" <S '=0, s'>l, (5.2) 

i.e., the vector-spinor and tensor-spinor fields V transform as non-chiral irreps of the so(d — 2) 
algebra. Obviously, set of fields in (5.1) is related to non-unitary representation of the conformal 
algebra so(d, 2). 9 

Alternatively, for d > 6, field content (5.1) can be represented as 

k'e[k s ] 2 ; (5.3) 

C'-S h'e[k 8 -l] 2 ; (5.4) 

^r ls -\ k' e [A; s _i] 2 ; (5.5) 

^V is " , fc' e [A; a _i - 1] 2 ; (5.6) 



^ , fc' e [fci] 2 ; (5.7) 

^ , fc' e [fci - 1] 2 ; (5.8) 

V'fe' , k' e [k } 2 ; (5.9) 

Vv, fc' G [fc - 1] 2 ; (5.10) 

while, for d = A, field content (5.1) is given in (5.3)-(5.9). This is to say that spinor fields in (5.10) 
enter field content only for d > 6. 

Total number of on-shell D.o.F for complex- valued non-chiral fermionic fields shown in (5.1) 
is given by 

n = 2^(d - 3)(2* + d - 2) (S g! |/_^, )! • (5.11) 
For the particular value d = 4, relation (5.1 1) leads to the following expressions for n: 

2(s + l) 2 . (5.12) 



n 



s— arbitrary; d=4 



Result for n in (5.12) was obtained in Ref.[l]. Thus, our result in (5.11) agrees with the previously 
reported result related to the particular values of d = 4 in (5.12) and gives expression for n in 
(5.11) corresponding to the arbitrary values of s and d. 



9 By now, unitary representations of (super)conformal algebras that are relevant for elementary particles are well 
understood (see, e.g., Refs.[28]-[32]). In contrast to this, non-unitary representations deserve to be understood better. 
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To summarize, our result in (5.1) gives decomposition of the on-shell complex- valued D.o.F 
into non-chiral representations of so(d — 2) algebra, while expression for n (5.11) gives the total 
number of on-shell D.o.F appearing in (5.1). 

Expressions for n in (5.11) describes number of the complex- valued D.o.F of non-chiral con- 
formal field. Numbers of complex-valued D.o.F of chiral conformal fermionic fields \ip±) (3.60), 
which we denote by n ± , are obtained in a obvious way 




(5.13) 



For the reader convenience, we now explain how n given in (5.11) is obtained from decom- 
position in (5.1). By definition, n given in (5.11) is a sum of tensorial components of fields (5.1) 
subject to 7-tracelessness constraint (5.2). This is to say that n can be represented as 

s 

n = (5.14) 

s'=0 



n s '= n (^')+ E n (^)» < 5 - 15 ) 

k'elk' s ] 2 k'e[k' s -l} 2 

where n(^',) stands for D.o.F of rank-s' 7-traceless non-chiral spinor field V . In other words, 
n(^,) is a dimension of the rank-s' 7-traceless non-chiral tensor-spinor field of the so(d — 2) 
algebra. Using (5.16) and taking into account the fact that there are 2k s > + 1 rank-s' 7-traceless 
fields we note that relation for n s ' in (5.15) amounts to 

- + <-»>. 

Plugging n s ' (5.17) into expression for n in (5.14) and using the textbook formula, 



(s' + t)! _ (s + t + 1)! 
we obtain total number of D.o.F n given in (5.11) 



^—-^TTT^r' <5 ' 18) 



6 Conclusions 

In this paper, we extended ordinary-derivative approach developed in Refs.[8, 9] to the study of 
totally symmetric arbitrary spin conformal fermionic fields. The results presented here should have 
a number of interesting applications and generalizations, some of which are: 
i) application of BRST approach to the study of conformal fermionic fields. BRST approach 
was extensively used for the study of gauge invariant formulation of massive fields (see, e.g., 
Refs.[33]). As we have already noticed in Ref. [9], gauge invariant formulation of massive fields 
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and ordinary-derivative formulation of conformal fields share many common features. Therefore 
we think that application of BRST approach to the study of ordinary-derivative conformal fields 
theories should be relatively straightforward. Recent extensive study of higher-spin fermionic 
fields in the framework of BRST approach can be found in Ref.[34]. 

ii) application of our approach to theory of interacting higher-spin conformal fields. Various ap- 
proaches to theory of interacting higher-spin fields were discussed in Refs.[35]-[45]. We note that 
most of these approaches can straightforwardly be generalized to the case of conformal fields. This 
will provides the possibility for the studying interaction vertices for conformal fermionic fields. In 
our approach, use of Stueckelberg fields is very similar to the one in gauge invariant formulation 
of massive fields. As is well known, the Stueckelberg fields provide systematical setup for the 
study of interacting massive gauge fermionic fields theory (see, e.g., Ref.[46]). We expect there- 
fore that application of our approach to theory of interacting conformal fermionic fields might lead 
to new interesting development. In this respect it is worthwhile mentioning that BRST approach 
is one of the powerful methods for the studying interacting higher-spin field theories (see, e.g., 
Refs.[47]-[52].). 

iii) ordinary-derivative formulation of conformal fields theory in terms of unconstrained fields. In 
Refs.[16, 17], various formulations of higher-spin dynamics in terms of unconstrained gauge fields 
were developed. Application of those formulations to the study of ordinary-derivative conformal 
fields theory could be of some interest. 

iv) extension of our approach to mixed-symmetry fermionic fields. Mixed-symmetry higher-spin 
fields have extensively been studied in recent time (see, e.g., Ref.[53]). We think that ordinary- 
derivative formulation of mixed- symmetry conformal fermionic fields could be of some inter- 
est. Discussion of higher-derivative mixed- symmetry bosonic conformal fields may be found in 
Ref.[4], while the discussion of self-dual conformal fields in the framework of ordinary-derivative 
approach may be found in Ref.[54]. Needless to say that the study of conformal fermionic fields 
along the lines in Ref.[55] could be also of some interest. 
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